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Abstract 

In this paper we construct the coherent and trajectory-coherent states 
of a damped harmonic oscillator. We investigate the properties of this 
states. 

1. Introduction. 

At present the coherent states are widely used to describe many fields of the- 
oretical physics.^ The interest and activity in coherent states were revived 
by the paper of Glauber,^ who showed that the coherent states could be suc- 
cessfully used for problem of quantum optics. Recently Nieto and Simmons^ 
have constructed coherent states for particles in general potential, Hartley 
and Ray^ have obtained coherent states for time- dependent harmonic os- 
cillator on the basis of Lewis-Risenfeld theory; Yeon,Um and George^ have 
constructed exact coherent states for the damped harmonic oscillator. 

Some time ago Bagrov,Belov and Ternov^ have constructed approximate 
(for h ^ ) solutions of the Schrodinger equation for particles in general 
potentials, such that the coordinate and momentum quantum - mechani- 
cal averages were exact solutions of the corresponding classical Hamiltonian 
equations; these states were called trajectory- coherent (TCS). The basis of 
this construction is the complex WKB method by V.P.Maslov.^"^ 
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The aim of this work is to construct the coherent (CS) and trajectory- 
coherent (TCS) states of a damped harmonic oscillator by using the Caldirola 
- Kanai Hamiltonian and the complex WKB method. It is shown that this 
states satisfy the Schrodinger equation exactly. 

2. The construction of CS and TCS. 

Consider the Schrodinger equation 

ihdt^ = H^, (1) 

where the symbol of operator H - the function H{x,p, t) is arbitrary real and 
analytical function of coordinate and momentum. The method of construction 
TCS in this case has been described in detail in Ref.6, hence we shall illustrate 
some moments only. For constructing the TCS of the Schrodinger equation 
it is necessary to solve the classical Hamiltonian system 

x{t) = dpH{x,p,t), p{t) = -d^H{x,p,t), (2) 

and the system in variations (this is the linearization of the Hamiltonian 
system in the neighbourhood of the trajectory x{t),p{t)) 

w(t) ^ -H^j,{t)w{t) - H^^(t)z{t), w(0)^b, (3) 
z{t) = Hpp{t)w{t) + Hp^{t)z{t), z{0) = 1, 

where H{x,p,t) is the classical Hamiltonian 

Hxpit) = da:dpH{x,p,t) |^=a,(t)_p=p(j), Hp^{t) = dpda:H{x,p,t) |a,=^(t)^p=p(t), 

Hxxii) = 9lxH{x,p,t) Hppit) = dppH{x,p,t) [^.^^.(j)^^^^^), 

b is complex number obeying the condition Im6 > 0, and x{t), p{t) are the 
solutions of system (2). 

Consider the damped harmonic oscillator^'^'^'-'^^ 

H{x,p, t) = exp(-7i)(2m)~y + ^ exp{'yt)mwQx'^ . (4) 

The Lagrangian and mechanical energy are given by^ 

11 1 

L — ex.-p{jt){-mx'^ — -rrujQx'^), E = exp{—2'jt){2m)~^p'^ + -miUQx'^. (5) 
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We first define the Cauchy problem for equation (1) 




where xq = x{t) \t=o, Po = p{t) \t=o ■ 

The function of WKB - solution type (TCS) 
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>= ^o(a;, t, h) = iV$(t) exp{ih~^S{x, t)}, 



(7) 



where N — (Im6(7r^) 








+lw{t)z-\t)(x-x(t)f, 



and the phase S{x, t) is the complex - valued function (Im^ > 0) is the 
approximate solution of the Cauchy problem (6) for the Schrodinger equation 
(1). We should note that in the case of the quadratic systems, for example, 
for Hamiltonian (4) the function (7) is the exact solution of the equation (1). 
Solving the differential equations (2), (3) we obtain 

1 11 
x{t) = cosha;texp( — 7^), p{t) = m(a;sinha;t 7cosha;t) exp(-7t), (8) 

w{t) = mexp{-jt){{du! 7)cosha;t+ (a; jS) sinhcut}, 



It is easy to check that the function (7), where x{t),p{t),w{t), z{t) are defined 
by (8) satisfy the equation (1) exactly as for o;^ > as o;^ < (a; — > icu) . 




3 



Further, we define annihilation operator d{t) and creation operator d'^{t) 

as:^ 

d{t) = (2Mm6)-V2{^(t)(p _ p(t)) - w{t){x - x{t))}, (9) 

d+{t) = {2nimb)-^/^{z*{t){p - p{t)) - w*{t){x - x{t))}. 

It easy to check that the creation and annihilation operators satisfy the usual 
Bose permutation rule 

[a, a+] = 1, [a, d] = [a+, a+] = 0. (10) 

The complete orthonormal set of the trajectory-coherent states (TCS) are 
defined as:^ 

I n >= (n!)-^/2(a+)" | > . (11) 
It is not difficult to check the relations 

< n \ m >= Sn,m, I >= 0, (12) 

d+ I n >= {n + 1)^/^ I n + 1 >, a | n >= (n)^/^ | n - 1 > . 

Using the usual methods^ we obtain the expression for coherent states 
(CS) 

I a >= A{a) I >, (13) 
where A{a) is the unitary operator 

^4(0;) = exp(Q;a^ — a*d), (14) 

a is the complex number; a"*", a are defined by (9). 

Besides, at is follows from (12)-(14), the functions | a > are eigenstates 
of the operator d with eigenvalue a, i.e. 

d I a >— a \ a > . (15) 

3. Quantum - mechanical averages and uncertainty 
relations. 

Further we shall find the expressions for quantum - mechanical averages 
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< >cs: < P >CS: < >CS: < E >tcS, < E >cs, 

where, for example, 

< X >Tcs—< n \ X \ n >, < X >cs—< a \ X \ a > . 

Further, we present the relations expressing the coordinate and momen- 
tum operators in terms of the operators a+, a 

X = x{t) - i{2Inib{h)-Y^/^Mt)a+ - z*{t)a}, (16) 

p = pit) - i{2lrnb{h)-^)-^''^{w{t)a+ - w*(t)a}. 
Using (5), (9)- (16), we obtain for quantum - mechanical averages: 

<X>TCS^x{t), <p>TCS^P{t), 

< X >cs= x{t) - i{2Imb{h)-^)-^/^{a*z{t) - az*{t)}, (17) 

< p >^3= p(t) - i{2Iinb{n)-Y^/^Ww{t) - aw*{t)}, 

< X^ >rcs^ x\t) + ^(n + \)\z{t)\\ 

< f >Tcs^ p'it) + ^(n + ]^)\w{t)\\ 

< X" >cs^< X >l, 



h 

<P^ >cs=< P >ls 
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< E >Tcs^ exp(-27i)(2m)"V(^) + T^iTioOgX^it) + 
(n + -){exp(-27t)(2m)-V(t)|2 + -mujl\z{i)\^} , 



Imfe' 2'' ' / I V /I 2 



< E >cs^ exp(-27t)(2m) ^ < p >lg +^mujQ < x + 
^ -{exp(-27i)(2m)-V(^)r + i^^oNWI^}- 



2Im6' ' / I V /I 2 



Now, by calculating the uncertainty in x and p in the TCS and CS one finds: 

{Ax)lcs =< < ^ >Tcsf >Tcs= Hn + (18) 



(^P)tCS =< (P- < P >TCs) >TCS^ Hn + - 



T Im6 



(A£)2, =< (£- < £ >^,)2 >^,= 1^^, (19) 



(^P)cs =< (P- < P >cs) > 



_ ^ k(^)P 



So, the Heisenberg's uncertainty relations is expressed as 

(t.i)i,,(t.i,f„, = hH„ + '"li^f . (20) 

(A*)L(A.)L ^ (21) 

For the damped harmonic oscillator (4) we choose Heb = (it is necessary 
for minimization of the uncertainty relations in the initial instant of time), 
Im6 = //m|a;| , where /i > shows the initial uncertainty of coordinate; and 

we denote 9 = 7/2cj. 

By using (8),(16)-(21), in the case a;^ = — > for (Aa;)|<^g, 
(^p)tcs, i^^fcs, (^P)cs we obtain 

{Ax)lcs = Hn + ^) exp{--ft){iimw)~^{l + sin^ ujt{9'^ + 

^li^ - 1) + esin2a;0> 



1 1 
(Ap)^^3 = Hn + t) exp(7t)/xmu;{l + — sin2a;t(26'^ + 



+ 1 + [i^Q'^ sin lut), 



{Ax)lg = -exp(-7t)(/xmcu)"^{l +sin^a;i(6'^ + 



- 1) + ^sin2a;t}. 
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)(7i)A*ma;{l + ^ 
A* 

+ 1 + 1/0'^ -l^'^)-0 sin 2u;0> 



(Ap)^s = - exp(7i)/irna;{l + — sin^ ujt{2e'^ + 



and thus the uncertainty relations becomes 

1 



(Ax)^,,(Ap)^,, = n\n + + ^(t)), (22) 



where 



6 1 
^(t) = {-[e'^ + + i)sm^ujt+ —{9^ - + l)sm2ujtY. (23) 

We should note,that in the special case ji — l the formula (23) coincides with 
formula (14) from Rcf.5. 

The function (23) is equal to zero,and,therefore, the minimization of the 
uncertainty relations has place in the instants of time 

ttA; 1 , ^ ^ 

tik = — , ^2fc = - arctan — — — — — + — ; A; = 0, 1, 2, . . . . 
cu uj B{fj,'' + + 1) uj 

The preceding equation can be solved for the parameter // > in the case 

|^tantut|<l. (24) 

and,therefore,by choosing parameter // we can obtain the minimization for 
any instant of time t obeying the condition (24). 
In the case u"^ = — a;Q > we obtain 

(A£)^^s = h{n+ i)exp(-7t)(yLimu;)~^{l + sinh^ c^t(6'^ + 

+//^ + 1) + 6'sinh2u;i}, 

1 1 

{^p)ics = K"^ + 0) exp(7i)//ma;{l + — sinh^ ujt{l - 29"^ + 

+ ii^e^ + fi^)-0 sinh 2u;t}, 
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+//^ + l) + 6'sinh2a;t}, 



^exp(7t)/ima;{l + \ 

+6"^ + iJ^e'^ + li^)-0 sinh 2ujt}, 



{Ap)lg = - exp{jt)iimuj{l + — sinh^ cut {1 - 26*^ + 



and for the uncertainty relations we have 



iAx)l^,{Ap)l^, = n'in + + g(t)), 
{Ax)UAp)l, = ^{l + g{t)), 



where 



g{t) = {-{e^ + ^i^-l)smh''u;t+—{e^-^i''-l)smh2ujty. (25) 
Now the function g{t) (25) is equal to zero only for 

1 n^-e' + i 

toi — , to2 — — arctanh- 



This equation can be solved for parameter /i in the case 

l^tanha;^! < 1, (26) 

and we can obtain the minimization for any instant of time t obeying the 
condition (26). 
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